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We prove a Jebsen-Birkhoff like theorem for f(R) theories of gravity in order to to find the
necessary conditions required for the existence of the Schwarzschild solution in these theories and
demonstrate that the rigidity of such solutions of f(R) gravity is valid even in the perturbed scenario.
I. INTRODUCTION
General Relativity (GR) has been one of the most suc-
cessful theory in explaining the nature of gravity on both
astrophysical and cosmological scales. However, with re-
cent developments of high precision cosmology able to
probe physics at a very large redshifts, the large scale
validity of GR has come under increasing scrutiny. This
is due to the fact that in order to fit the standard model
of cosmology one has to introduce two dark components,
namely the Dark Matter and the Dark Energy, in order
to achieve a consistent picture. The problems related to
these dark components remains to be one of the greatest
puzzles in contemporary physics. One of the theoreti-
cal proposals that has received a considerable amount of
attention is that Dark Energy has a geometrical origin.
This idea is driven by the fact that modifications to GR
appear in the low energy limit of many fundamental the-
ories and that these modifications lead naturally to cos-
mologies which admit a Dark Energy like era without the
introduction of any additional cosmological fields. The
most popular candidates among these ultraviolet modifi-
cations of GR are the fourth order gravity theories, where
the standard Einstein-Hilbert action of GR is modified by
adding terms that lead to field equations of order four in
the metric tensor.
Although many of these modifications to GR has been
somewhat successful in describing correctly the expan-
sion history of the universe, on astrophysical scales there
are considerable problems in modelling astrophysical ob-
jects like compact stars and black holes. This is par-
tially due to the added mathematical complexity of these
theories and also due to the fact that in many of these
theories the astrophysical objects become unstable, con-
trary to our own experience. Hence, in order to reach a
viable alternative to General Relativity, one must do a
detailed investigation on both astrophysical and cosmo-
logical scales.
We know in GR, spherically symmetric vacuum space-
times have an extra symmetry: they are either lo-
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cally static or spatially homogeneous. This rigidity of
spherically symmetric vacuum solutions is the essence
of Jebsen-Birkhoff theorem [1–3]. This theorem makes
the Schwarzschild solution crucially important in astro-
physics and underlies the way local astronomical sys-
tems decouple from the expansion of the universe [4].
The rigidity embodied in this property of the Einstein
field equations is specific to vacuum GR solutions and is
known not to hold for theories with extra degrees of free-
dom (e.g. f(R) theories of gravity or other scalar-tensor
theories [5]). It is, therefore, important to investigate
the extra conditions required for a Jebsen-Birkhoff like
theorem to hold modified theories of gravity.
It was recently shown [7–9], that in GR, the rigidity of
spherical vacuum solutions of Einstein’s field equations
continues even in the perturbed scenario: almost spheri-
cal symmetry and/or almost vacuum imply almost static
or almost spatially homogeneous. This provides an im-
portant reason for the stability of the solar system and
of black hole spacetimes and has interesting implications
for the issue of how a universe made up of locally spher-
ically symmetric objects imbedded in vacuum regions is
able to expand, given that Birkhoff’s theorem tells us
the local spacetime domains have to be static. A simi-
lar study of local stability is required for the spherically
symmetric solutions in modified gravity theories to see if
these theories are physically viable.
In this paper, we prove a Jebsen-Birkhoff like theo-
rem for f(R) theories of gravity, to find the necessary
conditions required for the existence of a Schwarzschild
solution in these theories. We discuss under what circum-
stances we can covariantly set up a scale in the problem
and then perturb the vacuum spacetime with respect to
this covariant scale to find the stability of the theorem.
We do this in two steps: (a) First we maintain spherical
symmetry and perturb the Ricci scalar around R = 0 to
find the necessary conditions on the spatial and tempo-
ral derivatives of the Ricci scalar for the spacetime to be
almost Schwarzschild. (b) We then define the notion of
almost spherical symmetry with respect to the covariant
scale and perturb the spherical symmetry to prove the
stability of the theorem.
The important result that emerges covariantly from
this investigation is that, there exists a non-zero mea-
sure in the parameter space of f(R) theories for which
2the Jebsen-Birkhoff like theorem remains stable under
generic perturbations.Furthermore our result applies lo-
cally and hence does not depend on specific boundary
conditions used for solving the perturbation equations.
We prove the result by using the 1+1+2 covariant per-
turbation formalism [10–13], which developed from the
1+3 covariant perturbation formalism [20].
II. GENERAL EQUATIONS FOR FOURTH
ORDER GRAVITY
The simplest generalisation of the Einstein-Hilbert ac-
tion of GR is obtained by replacing the Ricci scalar R
by a function of the Ricci scalar f(R), resulting in the
action
A = 1
2
∫
d4x
[√−g f(R) + Lm] , (1)
where Lm is the Lagrangian density of the standard mat-
ter fields. Varying the action with respect to the metric
over a 4-volume gives the following field equations
Gab =
(
Rab − 1
2
gabR
)
= Tab =
TMab
f ′
+ TRab , (2)
where the right hand side is the “effective” energy mo-
mentum tensor Tab comprising T
M
ab , the standard matter
energy momentum tensor and
TRab =
1
f ′
[
1
2
gab (f −Rf ′) +∇b∇af ′ − gab∇c∇cf ′
]
,
(3)
which we label the “curvature fluid” energy momentum
tensor.
III. 1+1+2 COVARIANT SPLITTING OF
SPACETIME
A. Kinematics
In the 1+3 covariant formalism [20] a non-intersecting
timelike family of worldlines (associated with fundamen-
tal observers comoving with the cosmological fluid) forms
a congruence in spacetime (M, g) representing the aver-
age motion of matter at each point. The congruence is
defined by a timelike unit vector ua (uaua = −1) split-
ting the spacetime in the form R ⊗ V where R denotes
the timeline along ua and V is the tangent 3-space per-
pendicular to ua. The projection tensor
hab = g
a
b + u
a ub , h
a
a = 3 , (4)
projects into the rest space orthogonal to ua and the pro-
jected alternating Levi-Civita tensor εabc is the effective
volume element for the 3-space.
Any spacetime 4-vector ψa may be covariantly split
into a scalar, ψ, which is the part of the vector parallel
to ua, and a 3-vector, ψa, lying orthogonal to ua:
ψa = −ψ ua + ψ〈a〉 , ψ ≡ ψb ub , ψ〈a〉 ≡ hab ψb . (5)
and any projected rank-2 tensor ψcd can be split as
ψab = ψ〈ab〉 +
1
3
ψ hab + ψ[ab] , (6)
where ψ = hcdψ
cd is the spatial trace, ψ〈ab〉 is the or-
thogonally projected symmetric trace-free PSTF part of
the tensor defined as
ψ〈ab〉 =
(
h(a
c hb)
d − 1
3
hab h
cd
)
ψcd , (7)
and ψ[ab] is the skew part of the rank-2 tensor which is
spatially dual to the spatial vector ψc (ψ[ab] = εabc ψ
c).
The angle brackets denote orthogonal projections of vec-
tors and the orthogonally PSTF part of tensors.
Moreover, two derivatives can be defined: the vector ua
is used to define the covariant time derivative (denoted
with a dot - ‘ ˙ ’) along the observers’ worldlines, where
for any tensor Sa..bc..d
S˙a..bc..d = u
e∇eSa..bc..d , (8)
and the spatial projection tensor hab is used to define the
fully orthogonally projected covariant spatial derivative
‘D’, such that,
DeS
a..b
c..d = h
r
e h
a
f ... h
b
g h
p
c ... h
q
d∇rSf..gp..q , (9)
with the projection on all the free indices.
In the 1+1+2 approach, we further split the 3-space V ,
by introducing the spacelike unit vector ea orthogonal to
ua so that
eau
a = 0 , eae
a = 1 . (10)
Then the projection tensor
Na
b ≡ hab − eaeb , Naa = 2 , (11)
projects vectors onto the tangent 2-surfaces orthogonal
to ea and ua, which, following [10], we will refer to as
‘sheets’. The sheet carries a natural 2-volume element:
εab ≡ εabcec . (12)
In 1+1+2 slicing, any 3-vector ψ〈a〉 as defined in (5),
can be irreducibly split into a component along ea and a
sheet component Ψa, orthogonal to ea i.e.
ψ〈a〉 = Ψ ea +Ψa , Ψ ≡ ψ〈a〉 ea , Ψa ≡ Nabψ〈b〉 .
(13)
and a similar decomposition can be done for a PSTF 3-
tensor ψ〈ab〉 as defined (7), which can be split into scalar
along ea, a 2-vector and a 2-tensor part as follows:
ψab = ψ〈ab〉 = Ψ
(
eaeb − 1
2
Nab
)
+2Ψ(aeb)+Ψab , (14)
3where
Ψ ≡ eaebψab = −Nabψab ,
Ψa ≡ Nabecψbc ,
Ψab ≡ ψ{ab} =
(
N c(aNb)
d − 1
2
NabN
cd
)
ψcd , (15)
and the curly brackets denote the PSTF part of a tensor
with respect to ea.
Apart from the ‘time’ (dot) derivative of an object
(scalar, vector or tensor), in the 1+1+2 formalism we
introduce two new derivatives, which ea defines, for any
object ψa...bc...d:
ψˆa...bc...d ≡ efDfψa...bc...d , (16)
δf ψ
a...b
c...d ≡ N jf Nai ... N bj N lc ... NgdDjψi..j l..g .
(17)
The hat-derivative ‘ˆ’ is the derivative along the ea
vector-field in the surfaces orthogonal to ua. The δ-
derivative is the projected derivative onto the orthogonal
2-sheet, with the projection on every free index.
The fundamental geometrical quantities in the space-
time in the 1+1+2 formalism for f(R) gravity are (see
[12] for a detailed physical description of these variables),
[R,Θ,A,Ω,Σ, E ,H, φ, ξ,Aa,Ωa,Σa,
αa, aa, Ea,Ha,Σab, Eab,Hab, ζab] , (18)
and their dynamics give us information about the space-
time geometry.
In terms of these variables, the expression for the full
covariant derivative of ea in its irreducible form is
∇a eb = −Aua ub − ua αb +
(
1
3
Θ + Σ
)
ea ub + ξ εab + ζab
+(Σa − εac Ωc) ub + ea ab + 1
2
φNab , (19)
from which we can obtain the spatial derivative of ea as
Daeb = ea ab +
1
2
φNab + ξ εab + ζab . (20)
The other derivative of ea is its change along ua,
e˙a = Aua+αa where A ≡ eau˙a and αa ≡ Nabe˙b . (21)
From equation (20) we see that along the spatial direc-
tion ea, φ = δae
a represents the expansion of the sheet,
ζab = δ{aeb} is the shear of e
a (i.e., the distortion of
the sheet) and aa = e
cDc ea = eˆa its acceleration, while
ξ = 12 ǫ
abδaeb represents the vorticity associated with e
a
(‘twisting’ of the sheet).
We include here the expression for the 1+1+2 split of
the full covariant derivative of ua
∇aub = −ua (A eb +Ab) + ea eb
(
1
3
θ +Σ
)
+ea (Σb + εbcΩ
c) + (Σa − εacΩc) eb
+Nab
(
1
3
θ − 1
2
Σ
)
+Ω εab +Σab , (22)
In general the three derivatives defined so far, dot -
‘ ˙ ’, hat - ‘ˆ’ and delta - ‘δa’, do not commute. The
commutations relations for these derivatives of any scalar
ψ are
ˆ˙
ψ − ˙ˆψ =−Aψ˙ +
(
1
3
Θ + Σ
)
ψˆ +
(
Σa + εabΩ
b − αa
)
δaψ ,
(23)
δaψ˙ − (δaψ) ·⊥ =−Aa ψ˙ +
(
αa +Σa − εabΩb
)
ψˆ
+
(
1
3
Θ− 1
2
Σ
)
δaψ + (Σab +Ω εab) δ
bψ ,
(24)
δaψˆ − (δaψ) ˆ⊥ =− 2 εabΩb ψ˙ + aa ψˆ +
1
2
φ δaψ
+ (ζab + ξ εab) δ
bψ , (25)
δ[aδb]ψ =εab
(
Ω ψ˙ − ξ ψˆ
)
+ a[aδb]ψ . (26)
From the above relations it is clear that the 2-sheet is a
genuine 2-surface (instead of just a collection of tangent
planes) if and only if the commutator of the time and
hat derivative do not depend on any sheet component,
i.e., when Σa + εabΩ
b − αa = 0 and the sheet derivatives
commute, i.e., when ξ = Ω = aa = 0.
B. Energy momentum tensor
In terms of the 1+1+2 variables, fluid description of
the energy momentum tensor in (2) is given by
Tab = µuaub + p
[
Nab + e
aeb
]
+ 2u(a
[
Qeb) +Qa)
]
+Π
[
ea eb − 1
2
Nab
]
+ 2Π(aeb) +Πab . (27)
We recall here that the “effective” thermodynamic quan-
tities as presented in (27) are representative of the total
combination of the standard matter and curvature quan-
tities as follows:
µ =µM +
1
f ′
[
1
2
(Rf ′ − f)− θf ′′R˙ + f ′′′X2 + f ′′Xˆ
+ f ′′′δaRδaR+ φf
′′X − aaf ′′δaR+ f ′′δaδaR] ,
(28)
p = pM +
1
f ′
[
1
2
(f −Rf ′) + 2
3
θf ′′R˙+ f ′′′R˙2 + f ′′R¨
−Af ′′X −Aaf ′′δaR− 2
3
(φf ′′X + f ′′′δaRδaR
+ f ′′δaδaR+ f
′′′X2 + f ′′Xˆ − aaf ′′δaR)
]
, (29)
4Q =QM − 1
f ′
[
f ′′′R˙X + f ′′
(
X˙ −AR˙
)
− αaf ′′δaR
]
,
(30)
Qa =Q
M
a +
1
f ′
[(
Σa − εabΩb
)
f ′′X − f ′′δaR˙
+
(
Σa
b + εa
bΩ
)
f ′′δbR− R˙f ′′′δaR
+
(
1
3
θ − 1
2
Σ
)
f ′′δaR
]
, (31)
Π =ΠM +
1
f ′
[
1
3
(
2f ′′′X2 + 2f ′′Xˆ − 2Aa f ′′δaR
−φf ′′X − f ′′′δaRδaR− f ′′δaδaR)− Σf ′′R˙
]
,
(32)
Πa =Π
M
a +
1
f ′
[
−Σa f ′′R˙+Xf ′′′δaR+ f ′′δaX
− 1
2
φf ′′δaR +
(
ξεa
b − ζab
)
f ′′δbR
− 1
2
(
Σa + εa
bΩb
)
f ′′R˙
]
, (33)
Πab =Π
M
ab +
1
f ′
(
−Σabf ′′R˙ + ζabf ′′X
+ f ′′′δ{aRδb}R + f
′′δ{aδb}R
)
, (34)
where µM is the energy density relative to ua, p the
isotropic pressure, Q and Qa are the components of the
ua energy flux parallel and orthogonal to ea respectively,
Π, Πa and Πab are the PSTF ( w.r.t e
a) parts of the
anisotropic pressure. We define also define Rˆ = X .
The set of thermodynamic matter variables,
{µM , pM , QM , ΠM , QMa , ΠMa , ΠMab} , (35)
for a given equation of state, together with (18) form
an irreducible set that completely describes the vacuum
spacetime in f(R) gravity. For the complete set of evolu-
tion equations, propagation equations, mixed equations
and constraints for the above irreducible set of variables
please see equations (48-81) of [12].
IV. 1+1+2 EQUATIONS FOR VACUUM LRS-II
SPACETIMES
A spacetime is said to be locally rotationally symmet-
ric (LRS) if there exists a continuous isotropy group at
each point and hence is characterised by the existence
of a multi-transitive isometry group acting on the space-
time manifold [14–16]. These spacetimes exhibit locally
(at each point) a unique preferred spatial direction that
constitutes a local axis symmetry such that the geometry
is invariant under rotations about it. We choose the vec-
tor field ea as the preferred spatial direction in the LRS
spacetime, namely the ‘radial’ vector. Now since LRS
spacetimes are defined to be isotropic, this allows for the
vanishing of all 1+1+2 vectors and tensors, such that
there are no preferred directions in the sheet. Thus, in
vacuum (µM = pM = QM = ΠM = 0), all the non-zero
1+1+2 variables are the covariantly defined scalars
LRS : {R, A, Θ, φ, ξ, Σ, Ω, E , H} , (36)
A detailed discussion of the covariant approach to LRS
perfect fluid space-times can be seen in [16].
One subsets of LRS spacetimes is the LRS class II,
which contains all the LRS spacetimes that have no vor-
ticity or spatial rotation. As a consequence, the vorticity
components Ω and ξ associated with ua and ea, respec-
tively, and H which is a component of the magnetic Weyl
curvature (all these quantities are in the surfaces orthog-
onal to ua), are identically zero in the LRS-II spacetimes.
The set of remaining variables are
LRS class II : {R,A, Θ, φ, Σ, E} , (37)
where Θ the 3-volume rate of expansion, Σ is the com-
ponent of shear parallel to ea and E is the component of
the electric Weyl tensor, also parallel to ea. These quan-
tities fully characterise the kinematics and dynamics of
the LRS II spacetime and their dynamics, based on the
Ricci and Bianchi identities, is governed by the following
equations :
Propagation equations
φˆ = −1
2
φ2 +
(
1
3
Θ + Σ
)(
2
3
Θ− Σ
)
−2
3
µ− 1
2
Π− E , (38)
Σˆ− 2
3
Θˆ = −3
2
φΣ−Q , (39)
Eˆ − 1
3
µˆ+
1
2
Πˆ = −3
2
φ
(
E + 1
2
Π
)
+
(
1
2
Σ− 1
3
Θ
)
Q .
(40)
5Evolution equations
φ˙ = −
(
Σ− 2
3
Θ
)(
A− 1
2
φ
)
+Q , (41)
Σ˙− 2
3
Θ˙ = −Aφ+ 2
(
1
3
Θ− 1
2
Σ
)2
+
1
3
(µ+ 3p)− E + 1
2
Π , (42)
E˙ − 1
3
µ˙+
1
2
Π˙ =
(
3
2
Σ−Θ
)
E + 1
4
(
Σ− 2
3
Θ
)
Π
+
1
2
φQ− 1
2
(µ+ p)
(
Σ− 2
3
Θ
)
.(43)
Propagation/Evolution Equations
µ˙+ Qˆ = −Θ(µ+ p)− (φ+ 2A)Q− 3
2
ΣΠ , (44)
Q˙+ pˆ+ Πˆ = −
(
3
2
φ+A
)
Π−
(
4
3
Θ + Σ
)
Q
− (µ+ p)A , (45)
Aˆ − Θ˙ = −(A+ φ)A+ 1
3
Θ2
+
3
2
Σ2 +
1
2
(µ+ 3p) . (46)
where
µ =
1
f ′
[
1
2
(Rf ′ − f)− θf ′′R˙+ f ′′′X2 + f ′′Xˆ + φf ′′X
]
,
p =
1
f ′
[
1
2
(f −Rf ′) + f ′′′R˙2 + f ′′R¨ −Af ′′X
+
2
3
(
θf ′′R˙− φf ′′X − f ′′′X2 − f ′′Xˆ
)]
,
Q = − 1
f ′
[
f ′′′R˙X + f ′′
(
X˙ −AR˙
)]
,
Π =
1
f ′
[
1
3
(
2f ′′′X2 + 2f ′′Xˆ − φf ′′X
)
− Σf ′′R˙
]
.
Commutation relation
ˆ˙
ψ − ˙ˆψ = −Aψ˙ +
(
1
3
Θ + Σ
)
ψˆ . (47)
Due to the additional degrees of freedom, equations (38)-
(47) are not closed and we have to add an additional
equation that we label the trace equation:
Rf ′ − 2f = 3
(
f ′′θR˙− f ′′Xˆ + f ′′R¨− (φ+A) f ′′X
−f ′′′X2 + f ′′′R˙2
)
(48)
Since the vorticity vanishes, the Gauss equation for ea
together with the 3-Ricci identities determine the 3-Ricci
curvature tensor of the spacelike 3-surfaces orthogonal to
ua to be [11]:
3Rab = −
[
φˆ+
1
2
φ2
]
ea eb−
[
1
2
φˆ+
1
2
φ2 −K
]
Nab . (49)
This gives the 3-Ricci-scalar as
3R = − 2
[
1
2
φˆ+
3
4
φ2 −K
]
, (50)
where K is the Gaussian curvature of the 2-sheet and is
related to the two dimensional Riemann curvature tensor
and two dimensional Ricci tensor as
(2)Rabcd = K (N
a
cNbd −NadNbc) , =⇒ 2Rab = KNab .
(51)
From (50) and (38) an expression for K is obtained in
the form
K =
1
3
µ− E − 1
2
Π +
1
4
φ2 −
(
1
3
Θ− 1
2
Σ
)2
. (52)
From (38)-(43), we obtain the evolution and propagation
equations of K as
K˙ = −
(
2
3
Θ− Σ
)
K , (53)
Kˆ = −φK . (54)
From equation (53), it follows that whenever the Gaus-
sian curvature of the sheet is non-zero and constant in
time, then the shear is always proportional to the expan-
sion as
K 6= 0 and K˙ = 0 =⇒ Σ = 2
3
Θ . (55)
V. SYMMETRIES
We know geometrically LRS-II space times have some
inherent symmetries that lie on the 2-sheets. To in-
vestigate the extra symmetry of vacuum LRS-II space
times for the modified theories, we follow [7], by trying
to solve the Killing equation for a Killing vector of the
form ξa = Ψ ua + Φ ea, where Ψ and Φ are scalars. The
Killing equation gives
∇a(Ψ ub +Φ eb) +∇b(Ψ ua +Φ ea) = 0 . (56)
Using equations (19) and (22), and multiplying the
Killing equation by ua ub, ua eb, ea eb and Nab results
in the following differential equations and constraints:
Ψ˙ +AΦ = 0 , (57)
Ψˆ− Φ˙−ΨA+Φ
(
Σ+
1
3
Θ
)
= 0 , (58)
Φˆ + Ψ
(
1
3
Θ + Σ
)
= 0 , (59)
Ψ
(
2
3
Θ− Σ
)
+Φφ = 0 . (60)
6Considering that ξa ξ
a = −Ψ2+Φ2, if ξa is timelike (that
is, ξa ξ
a < 0), then because of the arbitrariness in choos-
ing the vector field ua, we can always make Φ = 0, while
if ξa is spacelike (that is ξa ξ
a > 0), then we can make
Ψ = 0.
Let us first assume that ξa is timelike and Φ = 0.
Looking at (57) and (58), we know that their solutions
always exists. For a non trivial Ψ, the constraints (59)
and (60) together imply, that in general Θ = Σ = 0, that
is, the expansion and shear of a unit vector field along
the timelike Killing vector vanishes. We also see that the
time derivatives of all the quantities in the field equations
(38)-(48) vanish and hence the spacetime is static.
Now if ξa is spacelike and Ψ = 0, then we see in this
case that solution of equations (58) and (59) always exists
and the constraints (57) and (60) together imply that in
general, (for a non trivial Φ), φ = A = 0. If we impose
further the condition,
R = R0 = const. and f
′
0 6= 0 , (61)
which in turn implies
Π = 0 , (62)
µ =
1
f ′0
[
1
2
(R0 f
′
0 − f0)
]
, (63)
p =
1
f ′0
[
1
2
(f0 −R0 f ′0)
]
, (64)
R0 f
′
0 − 2f0 = 0 , (65)
where f ′(R0) = f
′
0, then all the spatial derivatives of all
the quantities in (38)-(48) vanish. From this we see that
homogeneity is only achieved if R = constant, otherwise
inhomogeneity is admitted for non-constant R. This re-
sult is unlike that of GR where the spacetime is spatially
homogenous upon setting φ = A = 0 in the list of LRS
II equations.
We can now say that : There always exists a Killing
vector in the local [u, e] plane for a vacuum LRS-II space-
time in f(R) gravity. If the Killing vector is timelike then
the spacetime is locally static. If the Killing vector is
spacelike, the spacetime is locally spatially homogeneous
if and only if R = R0 = const. and f
′
0 6= 0.
VI. JEBSEN-BIRKOFF LIKE THEOREM IN
f(R) GRAVITY
If we apply the conditions (61), to the system of equa-
tions (38)-(48), then from (40), (43), (53) and (54) we
get
E = C K3/2 . (66)
That is, the 1+1+2 scalar of the electric part of the Weyl
tensor is always proportional to the (3/2)th power of the
Gaussian curvature of the 2-sheet. The proportionality
constant C sets up a scale in the problem in this partic-
ular case.
Furthermore, when Θ = Σ = 0, we have K˙ = 0. We
choose coordinates to make the Gaussian curvature ‘K’
of the spherical sheets proportional to the inverse square
of the radius co-ordinate ‘r’, (such that this coordinate
becomes the area radius of the sheets), then this geo-
metrically relates the ‘hat’ derivative with the radial co-
ordinate ‘r’. Using (54), (16) and the definition of φ we
can then define the hat derivative of any scalar M as
Mˆ =
1
2
rφ
dM
dr
(67)
for a static spacetime.
If we take R = R0 = 0, f(0) = 0 and f
′
0 6= 0, the
equations (38)-(48) reduce to
φˆ = −1
2
φ2 − E (68)
Eˆ = −3
2
φE (69)
together with the constraint:
E +Aφ = 0 . (70)
The local Gaussian curvature of the 2-sheets in this case
becomes,
K = −E + 1
4
φ2 . (71)
The parametric solutions for these variables (whenK > 0
) are
φ =
2
r
√
1− 2m
r
, A = m
r2
,
[
1− 2m
r
]− 1
2
(72)
E = 2m
r3
, K =
1
r2
, (73)
where m is the constant of integration.
Solving for the metric using the definition of these ge-
ometrical quantities we get [11]
ds2 = −
(
1− 2m
r
)
dt2 +
dr2
(1 − 2mr )
+ r2dΩ2, (74)
which is the metric of a static Schwarzschild exterior.
A similar derivation can be done for the case of space-
like Killing vector and vanishing Ricci scalar, to get the
Schwarzschild interior metric.
We can now give a generalisation of the Jebsen-
Birkhoff-like theorem in f(R) gravity:
For f(R) gravity, where the function f is of class C3 at
R = 0,with f(0) = 0 and f ′(0) 6= 0, the only spherically
symmetric solution with vanishing Ricci scalar in empty
space in an open set S, is one that is locally equivalent to
part of maximally extended Schwarzschild solution in S.
It is also interesting to note here that the covari-
ant scale defined by equation (66) is equal to the
Schwarzschild mass m.
7VII. SPHERICALLY SYMMETRIC
SPACETIMES WITH AN ALMOST VANISHING
RICCI SCALAR
From the previous section we know that for f(R) grav-
ity with R = 0, f(0) = 0 and f ′0 6= 0, all spherically
symmetric vacuum spacetimes are locally isomorphic to
a part of Schwarzschild solution. In [8], the vacuum LRS
II spacetime was perturbed by putting in a small amount
of general matter that obeys weak and dominant energy
conditions, to find out the amount of matter that can
be introduced to the spacetime for the Jebsen-Birkhoff
theorem to remain approximately true. Analogously, we
investigate here the necessary conditions on the magni-
tude and spatial and temporal derivatives of the Ricci
scalar, for the above theorem to remain approximately
true. In this section we only deal with the static exterior
background as it is astrophysically more interesting.
We have seen that the vacuum spherically symmet-
ric spacetime with vanishing Ricci scalar has a covariant
scale given by the Schwarzschild radius which sets up the
scale for perturbation. Going by our description of the
energy momentum tensor for vacuum LRS II spacetime in
f(R) gravity as consisting of curvature terms µR, pR, ΠR
and QR and taking a static Schwarzschild background,
then the set {R, Θ, Σ} describe the first-order quantities
(and are gauge-invariant according to the Stewart and
Walker lemma [17]). Performing a series expansion of
f(R) in the neighbourhood of R = 0 gives f(R) = f ′0R
as a first-order term. Neglecting the higher order quan-
tities in (28)-(34) we get the following equations
µ =
f ′′0
f ′0
(
Xˆ + φX
)
, (75)
p =
f ′′0
f ′0
(
R¨−AX − 2
3
φX − 2
3
Xˆ
)
, (76)
Q = − f
′′
0
f ′0
(
X˙ −A R˙
)
, (77)
Π =
f ′′0
3f ′0
(
2Xˆ − φX
)
. (78)
and
Rf ′0 = 3f
′′
0
(
Xˆ + (A+ φ)X − R¨
)
(79)
for the trace. Thus we see that by perturbing the Ricci
scalar in the neighbourhood of R = 0 background, we are
actually generating a ‘curvature fluid’ having the above
thermodynamic quantities. Therefore the situation here
is similar to introducing small amount of matter on a
Schwarzschild background in GR. In [8] the sufficient con-
ditions for the smallness of these matter perturbations in
order for the spacetime to remain almost Schwarzschild
are given. These conditions in our case become[
|R|
K(3/2)
,
f ′′0
(1/2) |R˙|
K(3/2)
,
f ′′0 |R¨|
K(3/2)
,
f ′′0
(1/2) |X |
K(3/2)
,
f ′′0 |Xˆ |
K(3/2)
,
f ′′0 |X˙|
K(3/2)
]
<< C, (80)
and [
f ′′0
3/2 |...R|
K(3/2)
,
f ′′0
3/2 |X¨|
K(3/2)
]
<< C . (81)
Similarly to [8], we also need to specify in what domain
these equations will hold. This is important because
eventually we will reach a radius r where these inequal-
ities may no longer hold. On the basis that in the real
universe asymptotically flat regions are always of finite
size, we will describe the local domain where our results
will apply by [7],
− Defining finite infinity F as a 2-sphere of radius
RF ≫ C surrounding the star: this is infinity for
all practical purposes [18, 19].
− Assuming the relations (80), (81) hold in the do-
main DF defined by rS < r < RF where rS > C is
the radius of the surface of the star.
We now linearise the field equations (38)-(48) by neglect-
ing the higher order quantities and we obtain the follow-
ing equations for the first-order quantities
Σˆ− 2
3
Θˆ ≈ − 3
2
φΣ+
f ′′0
f ′0
(
X˙ −A R˙
)
, (82)
Θ˙ ≈ − f
′′
0
2f ′0
(
3R¨− Xˆ − (3A+ φ)X
)
, (83)
Σ˙− 2
3
Θ˙ ≈ f
′′
0
f ′0
[
R¨−X
(
A+ 1
2
φ
)]
, (84)
φ˙ ≈
(
Σ− 2
3
Θ
)(
A− 1
2
φ
)
− f
′′
0
f ′0
(X˙ −A R˙) , (85)
E˙ ≈
(
3
2
Σ−Θ
)
E + φA f
′′
0
2f ′0
R˙ , (86)
1
3
Rf ′0 ≈ f ′′0 Xˆ − f ′′0 R¨+ (φ+A) f ′′0 X . (87)
From these equations we can see that if (80) and (81) are
locally satisfied at any epoch, within the domain DF ,
then the spatial and temporal variation of the expansion
Θ and the shear Σ are of same order of smallness as the
perturbations and derivatives of the Ricci scalar. In that
case a timelike vector will not exactly solve the Killing
8equations (57)-(60) in general, although it may do so ap-
proximately. To see this explicitly, let us set Φ = 0 in
the Killing equation (56)
∇a(Ψ ub) +∇b(Ψ ua) = 0 . (88)
and we once again try to solve the equation for a Killing
vector of the form ξa = Ψ ua with an aim to see how close
the ξa is to Killing vector in the perturbed scenario.
We consider the scalars constructed by multiplying the
killing equation by the vectors ua, ea, the projection ten-
sorNab and utilise equation (19) and (22) to facilitate the
calculation. We know that multiplying the Killing equa-
tion by ua ub and ua eb results in equations for which the
solution of the scalar Ψ always exists. The constraints
obtained from multiplying the Killing equation by ea eb
and Nab only vanish if Θ = Σ = 0, however, we are con-
sidering here the perturbed case which is characterised
by non-zero Θ and Σ. As a result not all the equations
are completely solved in general. If we set up (88) as a
symmetric tensor
Kab := ∇a(Ψ ub) +∇b(Ψ ua) . (89)
we can instead say that there always exists a non-
trivial solution of the scalar Ψ for which |Kab ua ub| and
|Kab uaeb| vanishes and that |Kab ea eb|2 and |KabNab|2
are non-zero since Θ and Σ are non-zero. However, if the
conditions[ |Kab ua ub|2
K3/2
,
|Kab ua eb|2
K3/2
,
|Kab ea eb|2
K3/2
,
|KabNab|2
K3/2
]
<< C
(90)
are satisfied, then we can say that ξa = Ψ ua is close to
a Killing vector and that the spacetime is approximately
static.
Subtracting the background equation (71) from (52),
we get (
1
3
Θ− 1
2
Σ
)2
≈ f
′′
0
2f ′0
φX . (91)
Similarly subtracting (68) from (38) we get(
1
3
Θ + Σ
)(
2
3
Θ− Σ
)
≈ f
′′
0
2f ′0
(
2Xˆ + φX
)
. (92)
Using the above equations (91) and (92), we immediately
see that if (80) is locally satisfied, then the following con-
ditions are satisfied
|Kab ea eb|2 = Ψ2
(
1
3
Θ + Σ
)2
≪ C K3/2 , (93)
|KabNab|2 = Ψ2
(
2
3
Θ− Σ
)2
≪ C K3/2 . (94)
It follows that there always exists a timelike vector that
satisfies (90). This vector almost solves the Killing equa-
tions in the open set S in the domain DF and hence the
spacetime is almost static in S. Moreover, the resultant
field equations are the zeroth-order equations (68)-(70)
with an addition of O(ǫ) terms.
VIII. ALMOST SPHERICALLY SYMMETRIC
SPACETIME WITH VANISHING RICCI SCALAR
In order to geometrically define an almost spherically
symmetric spacetime, we begin by writing the geodesic
deviation equation for a family of closely spaced geodesics
on the 2-sheets with tangent vectors ψa(v) and separation
vectors ηa(v) (where ‘v’ is the parameter which labels the
different geodesics) as [8],
ψe δe(ψ
f δfη
a) = K(ψa ψd η
d − ηa ψc ψc) . (95)
We have used here the definition of the two dimensional
Riemann curvature tensor equation (51).
We now define a vector V a by
V a = ψe δe(ψ
f δfη
a)−K0(ψa ψd ηd − ηa ψc ψc) , (96)
where K0 is the Gaussian curvature for a spherical sheet
at any point P , which can be fixed by making the vec-
tor V a = 0 at that point. This vector vanishes for exact
spherical 2-sheets in any open neighbourhood of P but
doesn’t for non-spherical sheets. As a result, from the
magnitude of V a(=
√
Va Va) we obtain a covariant mea-
sure of the deviation from the spherical symmetry.
We can now define an almost spherically symmetric
spacetime in following way [9]:
Any C3 spacetime with positive Gaussian curvature ev-
erywhere, which admits a local 1+1+2 splitting at every
point is called an almost spherically symmetric space-
time, if and only if the following quantities are either zero
or much smaller than the scale defined by the modulus of
the proportionality constant in equation (66):
− The magnitude of all the 2-vectors (defined
by
√
ψaψa) and PSTF 2-tensors (defined by√
ψabψab).
− The magnitude of vector V a defined above in (96).
We have seen that subject to the conditions (80) and
(81), on any spherically symmetric local domain DF ,
the spacetime remains “almost” Schwarzschild for all the
f(R)-theories that admit a Schwarzschild background,
(that is, a background characterised by a vanishing Ricci
scalar with f(0) = 0 and f ′0 6= 0). We now wish to see
to what extent the conditions hold when we perturb this
geometry.
As previously stated, the sheet will be a genuine two
surface if and only if the commutator of the time and hat
derivative do not depend on any sheet component and the
sheet derivatives commute in (23) and (26). Following
from the definition of almost spherical symmetry, in the
perturbed scenario we will require the sheet to be an
almost genuine 2-surface such that the commutator of
the time and hat derivative almost do not depend on
any sheet component and the sheet derivatives almost
commute. In that case we see from (23) and (26) that
the scalars Ω and ξ will be of the same order of smallness
9as the other vectors and PSTF 2-tensors on the sheet.
Furthermore, from the constraint equation
δaΩ
a + εabδ
aΣb = (2A− φ) Ω− 3ξΣ + εabζacΣbc +H ,
(97)
we see that the scalarH is of the same order of smallness.
Dealing once again with the static exterior background,
we now have it that the set of 1+1+2 variables
[R, Θ, Σ, Ω, H, ξ, Aa, Ωa, Σa, αa,
aa, Ea, Ha, Σab, Eab, Hab, ζab] , (98)
are all of O(ǫ) with respect to the invariant scale. We
shall treat these variables along with their derivatives
and the dot - ‘ ˙ ’ and delta - ‘δ’ derivatives of {A, E , φ}
as first-order relative to the background terms.
Performing a series expansion of f(R) in the neigh-
bourhood of R = 0 and linearising by neglecting all prod-
ucts of first order quantities in (28)-(34), we obtain
µ ≈ f
′′
0
f ′0
(
Xˆ + φX + δ2R
)
, (99)
p ≈ f
′′
0
f ′0
[
R¨−AX − 2
3
(
φX + Xˆ + δ2R
)]
,(100)
Q ≈ − f
′′
0
f ′0
(
X˙ −A R˙
)
, (101)
Qa ≈ − f
′′
0
f ′0
δaR˙ , (102)
Π ≈ f
′′
0
3f ′0
(
2Xˆ − φX − δ2R
)
, (103)
Πa ≈ f
′′
0
f ′0
(
δaX − 1
2
φ δaR
)
, (104)
Πab ≈ f
′′
0
f ′0
δ{aδb}R . (105)
Linearising the field equations (48-81) in [12] and
substituting in equations (99) - (105) we obtain:
Evolution equations
The evolution equations for ξ and ζ{ab} are:
ξ˙ =
(
A− 1
2
φ
)
Ω +
1
2
εabδ
aαb +
1
2
H ; (106)
ζ˙{ab} =
(
A− 1
2
φ
)
Σab + δ{aαb} − εc{aH cb} ; (107)
Vorticity evolution equation:
Ω˙ =
1
2
εabδ
aAb +A ξ , (108)
Ω˙a¯ +
1
2
εabAˆb = 1
2
εab
(
δbA−A ab − 1
2
φAb
)
; (109)
Shear evolution:
Σ˙a¯ − 1
2
Aˆa = 1
2
δaA+
(
A− 1
4
φ
)
Aa + 1
2
A aa − Ea
+
f ′′0
2f ′0
(
δaX − 1
2
φ δaR
)
, (110)
Σ˙{ab} = δ{aAb} +A ζab − Eab +
f ′′0
2f ′0
δ{aδb}R ; (111)
Magnetic Weyl evolution:
H˙ = − εabδaEb − 3ξ E , (112)
H˙a¯ = − 3
2
E εabAb − 1
2
εabδ
bE − 1
2
(φ− 2A) εabEb
+εc{dδ
dE ca} − E
f ′′0
4f ′0
εabδ
bR , (113)
H˙{ab} + εc{aEˆ cb} = εc{aδcEb} +
3
2
E εc{aζ cb}
−
(
1
2
φ+ 2A
)
εc{aE cb} ; (114)
Electric Weyl evolution:
E˙a¯ + 1
2
εabHˆb =3
4
E (εabΩb +Σa − 2αa)+ 3
4
εabδ
bH
−
(
1
4
φ+A
)
εabHb + 1
2
εbcδ
bHca ,
(115)
E˙{ab} − εc{aHˆ cb} = − εc{aδcHb} −
3
2
E Σab
+
(
1
2
φ+ 2A
)
εc{aH cb} ; (116)
Evolution equation for eˆa:
a˙a¯ − αˆa¯ =
(
1
2
φ+A
)
αa −
(
1
2
φ−A
)(
Σa + εabΩ
b
)
+ εabHb + f
′′
0
2f ′0
δaR˙ . (117)
Propagation equations
ξˆ = −φ ξ + 1
2
εabδ
aab ; (118)
ζˆ{ab} = −φ ζab + δ{aab} − Eab −
f ′′0
2f ′0
δ{aδb}R ; (119)
Shear divergence:
Σˆa¯ − εabΩˆb = 1
2
δaΣ+
2
3
δaθ − εabδbΩ− 3
2
φΣa − δbΣab
+
(
1
2
φ+ 2A
)
εabΩ
b +
f ′′0
f ′0
δaR˙ , (120)
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Σˆ{ab} = δ{aΣb}− εc{aδcΩb}−
1
2
φΣab− εc{aH cb} ; (121)
Vorticity divergence equation:
Ωˆ = − δaΩa + (A− φ) Ω ; (122)
Electric Weyl Divergence:
Eˆa¯ = 1
2
δaE − δbEab− 3
2
E aa− 3
2
φ Ea+ E f
′′
0
4f ′0
δaR ; (123)
Magnetic Weyl divergence:
Hˆ = − δaHa − 3
2
φH− 3E Ω , (124)
Hˆa¯ = 1
2
δaH−δbHab+ 3
2
E (Ωa − εabΣb)− 3
2
φHa . (125)
Finally we have the linearised curvature trace equation
1
3
R =
f ′′0
f ′0
[
Xˆ − R¨+ (φ+A)X + δ2R
]
. (126)
From the evolution equations (106) - (117), it is evident
that if the background is static with Σ = Θ = 0 or “al-
most static” with Σ = Θ = O(ǫ), the time derivatives
of the first-order quantities at a given point are all of
the same order of smallness as the variables themselves.
Hence if at a given epoch these quantities are of O(ǫ),
then there exists an open set S in the domain DF where
these quantities continue to be of the same order.
This time if we project the Killing equation (56) for
a Killing vector of the form ξa = Ψ ua, with N
a
c u
b,
Nac e
b andNac N
b
d , we obtain the following additional con-
straints on the 2-sheet:
− δcΨ+ΨAc = 0 , (127)
ΨΣc = 0 , (128)
ΨΣcd = 0 . (129)
The solution of (127) always exists and as we have just
seen, the LHS of equations (128) and (129) remains O(ǫ)
in S. Hence a timelike vector almost solves the Killing
equations, making the spacetime almost static.
IX. LOCAL STABILITY OF
JEBSEN-BIRKHOFF LIKE THEOREM
Let us now combine the results obtained in the previ-
ous two sections. Consider any f(R) theory of gravity
which admits a Schwarzschild background and consider
the following sets of scalars:[
|R|
K(3/2)
,
f ′′0
(1/2) |R˙|
K(3/2)
,
f ′′0 |R¨|
K(3/2)
,
f ′′0
(1/2) |X |
K(3/2)
,
f ′′0 |Xˆ |
K(3/2)
,
f ′′0 |X˙|
K(3/2)
,
f ′′0
3/2 |...R|
K(3/2)
,
f ′′0
3/2 |X¨ |
K(3/2)
]
. (130)
If these scalars locally satisfy (80), (81) and their sheet
derivatives are of same order of smallness as themselves
at any epoch within the domain DF , then there ex-
ists an open set S in DF where the conditions con-
tinue to hold. Consequently then there will exist a time-
like/spacelike vector that almost solves the Killing equa-
tions in S and hence the spacetime will be ”almost”
Schwarzschild. Hence we have demonstrated an impor-
tant result : For f(R) gravity, where the function f is
of class C3 at R = 0,with f(0) = 0 and f ′(0) 6= 0, any
almost spherically symmetric solution with almost van-
ishing Ricci scalar in empty space in an open set S, is
locally almost equivalent to part of maximally extended
Schwarzschild solution in S.
We would like to emphasise here that the size of the
open set S depends on the parameters of theory (namely
the quantity f ′′(0)) and the covariant scale (which is the
Schwarzschild mass of the star) and we can always tune
the parameters of the theory such that the perturba-
tions continue to remain small for a time period which
is greater than the age of the universe. The above result
shows that the local spacetime around almost spherical
stars will be stable in the regime of linear perturbations
in these modified gravity theories.
X. DISCUSSION
In this paper we used the 1+1+2 covariant perturba-
tion formalism to prove a Jebsen-Birkhoff like theorem
for f(R) theories of gravity in order to determine the
conditions required for the existence of the Schwarzschild
solution in these theories. We then discussed under what
circumstances we can covariantly set up the fundamental
scale in the problem and perturbed the vacuum space-
time with respect to this scale to find the stability of the
theorem.
What emerges from this analysis is the important re-
sult that there exists a non-zero measure in the parameter
space of f(R) theories of gravity for which the Jebsen-
Birkhoff like theorem remains stable under generic per-
turbations. This result applies locally and therefore does
not depend on specific boundary conditions used for solv-
ing the perturbation equations. A detailed analysis of
generic linear perurbations of the Schwarzshild solution
will be presented elsewhere, which supports the work pre-
sented in this paper.
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